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ON THE TOTAL CURVATURE AND EXTRINSIC AREA GROWTH OF
SURFACES WITH TAMED SECOND FUNDAMENTAL FORM
CRISTIANE M. BRAND ˜AO AND VICENT GIMENO
ABSTRACT. In this paper we show that a complete and non-compact surface immersed in
the Euclidean space with quadratic extrinsic area growth has finite total curvature provided
the surface has tamed second fundamental form and admits total curvature. In such a
case we obtain as well a generalized Chern-Osserman inequality. In the particular case
of a surface of nonnegative curvature, we prove that the surface is diffeomorphic to the
Euclidean plane if the surface has tamed second fundamental form, and that the surface
is isometric to the Euclidean plane if the surface has strongly tamed second fundamental
form. In the last part of the paper we characterize the fundamental tone of any submanifold
of tamed second fundamental form immersed in an ambient space with a pole and quadratic
decay of the radial sectional curvatures.
1. INTRODUCTION
Let M be a complete non-compact surface, the total curvature of M is the improper
integral
∫
M
K dA of the Gaussian curvature K with respect to the volume element dA of
M . It is said that M admits total curvature if for any compact exhaustion {Ωi} of M , the
limit ∫
M
K dA = lim
i→∞
∫
Ωi
K dA
exists. Cohn-Vossen proved in [10] that ∫
M
K dA ≤ χ(M), where χ(M) is the Euler
characteristic of M . A well known theorem due to Huber [18] states that if the negative
part of the curvature K− = max{−K, 0} has finite integral, namely,
(1.1)
∫
M
K− dA <∞,
then,
∫
M
K dA ≤ χ(M) and M is conformally equivalent to a compact Riemann surface
with finitely many punctures. Hartman, under the assumption (1.1) proved in [17] that the
area A(Br) of a geodesic ball of radius r at a fixed point must grow at most quadratically
in r. Reciprocally, Li proved in [23] that if M has at most quadratic area growth, finite
topology and the Gaussian curvature of M is either non-positive or non-negative, near
infinity of each end, then M must have finite total curvature.
From an extrinsic point of view, in the setting of a minimal surface M immersed in the
Euclidean space Rn, it is well known, see [9, 20, 25, 26], that if M has finite total curvature
then M has finite topological type and quadratic extrinsic area growth, i.e., there exists a
constant C such that for any r ∈ R+
(1.2) Area(M ∩Br(0)) ≤ Cr2,
where Br(0) denotes the geodesic ball centered at the origin 0 ∈ Rn of radius r.
Conversely, Q. Chen [8], proved that if M is an oriented complete minimal surface in
the Euclidean space Rn with quadratic extrinsic area growth and finite topological type
then M has finite total curvature.
A natural question is whether an equivalent result relating the extrinsic area growth and
the total curvature holds for a boarder class of complete surfaces in the Euclidean space.
Work partially supported by DGI grant MTM2010-21206-C02-02.
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The aim of this paper is to provide an answer to this question under certain control of the
second fundamental form of the immersion. A surface M is said to have tamed second
fundamental form if for a (any) compact exhaustion {Ωi} of M ,
(1.3) a(M) := lim
i→∞
(
sup
x∈M\Ωi
{ρM (x)‖α(x)‖}
)
< 1,
where ρM (x) = distM (x0, x) is the distance function on M to a fixed point x0, and
‖α(x)‖ is the norm of the second fundamental form at ϕ(x). The notion of immersion
with tamed second fundamental form was introduced in [5] for submanifolds of Rn and
in [4] for submanifolds of Hadamard manifolds. This notion can be naturally extended to
manifolds with a pole and radial sectional curvature bounded above, see [13]. Under the
hypothesis of tamed second fundamental form and quadratic extrinsic area growth we can
state the following result.
Theorem 1.1. Let M be an immersed complete oriented surface of Rn with curvature
function K and tamed second fundamental form. Suppose that M admits total curvature.
Then, M has finite total curvature (∫
M
KdA > −∞), if and only if, M has quadratic
extrinsic area growth, i.e., there exists a constant C1 such that,
(1.4) A(M ∩Br(0)) ≤ C1r2,
for any r large enough. Furthermore, if (1.4) holds, then there exists a constant C0 > 0
such that
(1.5) A(M ∩Br(0)) ≥ C0r2,
for any r large enough.
Observe that the assumption that the surface admits total curvature (finite or infinite)
can be achieved if the surface has semidefinite curvature (either nonpositive or nonnega-
tive). As observed by Jorge-Meeks [20], any complete m-dimensional submanifold M of
R
n homeomorphic to a compact Riemannian manifold M punctured at finite number of
points {p1, . . . , pr} and having a well defined normal vector at infinity have a(M) = 0.
In particular, any complete minimal surfaces of Rn with finite total curvature has tamed
second fundamental form with a(M) = 0. Anderson [1], showed that a complete m-
dimensional minimally immersed submanifold M of Rn has finite total scalar curvature,
∫M ‖α‖mdV <∞, if and only if M is C∞- diffeomorphic to a compact Riemannian man-
ifold M punctured at a finite number of points {p1, . . . , pr} and the Gauss map Φ on M
extends to a C∞- map Φ on M , where ‖α‖ is the norm of the second fundamental form
of M . In [5], Bessa, Jorge and Montenegro showed that some aspects of Anderson’s result
hold on complete immersed submanifolds of Rn with tamed second fundamental form, i.e.
they are properly immersed and have finite topology, meaning thatM isC∞-diffeomorphic
to a compact smooth manifold M with boundary. This result was extend by Bessa-Costa
to isometric immersions with tamed second fundamental form into Hadamard manifolds,
[4] and by Gimeno-Palmer in [13] to isometric immersion with tamed second fundamental
form into ambient manifolds with a pole and bounded radial sectional curvatures. They
also have shown that the volume growth and the number of ends of submanifolds of di-
mension greater than 2 are controlled with an appropriate decay of the extrinsic curvature.
Assuming finite total curvature we can treat the two dimensional case obtaining the
following Chern-Osserman type inequality.
Theorem 1.2. Let M be an oriented surface immersed in Rn with curvature function K
and tamed second fundamental form. Suppose in addition thatM has finite total curvature.
Then,
(1.6) (1− a(M)2) C˜0 ≤ 2πχ(M)− ∫
M
KdA ≤ C1,
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where χ(M) is the Euler characteristic of M and C˜0, C1 are positive constants such that
(1.7)
A(M ∩Br(0)) ≤C1r2,
L(M ∩ Sr(0)) ≥C˜0r,
for any r large enough.
Cohn-Vossen proved in [10] that any complete and non-compact surface with nonneg-
ative Gaussian curvature is diffeomorphic to R2, or if not, it is flat. By using the above
theorem 1.2 we can therefore state the following corollary
Corollary 1.3. Let M be an oriented surface immersed in Rn with nonnegative curvature
function (K ≥ 0) and tamed second fundamental form. Then, M is diffeomorphic to R2.
Moreover, in the particular case when M is flat, M is isometric to R2.
Petrunin and Tuschmann in [27] , solving a conjecture of Gromov [2] (see also [11]),
proved that if a complete simply connected manifold Mn of dimension greater than 2
(n ≥ 3) has nonnegative sectional curvatures K ≥ 0 and is asymptotically flat then M is
isometric to Rn. Here, asymptotically flat means that
(1.8) k(t)t2 → 0 (t→∞),
where k(t) is the supremum of |K| on M \ Bt(o) for some fixed point o ∈ M , (Bt(o)
being the geodesic ball of M of radius t centered at o). We can extend this intrinsic result
to dimension 2 but using an extrinsic approach. we will say that a surface immersed in
Rn has strongly tamed second fundamental form if for some ǫ, and for a (any) compact
exhaustion {Ωi} of M ,
(1.9) lim
i→∞
sup
x∈M\Ωi
{
ρM (x)
1+ǫ‖α(x)‖} < 1.
In such a case we obtain the following corollary
Corollary 1.4. Let M be an oriented surface immersed in Rn with nonnegative curvature
function (K ≥ 0) and strongly tamed second fundamental form. Then, M is isometric to
R2.
In proposition 3.2 we will show that for a surface M immersed in the Euclidean space
Rn with tamed second fundamental form, a necessary and sufficient condition to attain
quadratic extrinsic area growth is to have linear extrinsic perimeter growth. Namely, there
exists a constant C˜, such that for any r large enough,
L(M ∩ Sr(0)) ≤ C˜r
where here Sr(0) stands for the geodesic sphere of radius r centered at 0 ∈ Rn.
It is also interesting to study the fundamental tone of submanifolds with tamed sec-
ond fundamental form. Recall that the fundamental tone λ∗(M) of a complete and non-
compact Riemannian manifold M is given by
λ∗(M) = inf
{∫
M
|∇u|2dµ∫
M
u2dµ
, u ∈ C∞0 (M) \ {0}
}
It is well known that complete surfaces with finite total curvature are parabolic, see [19]
and the proof of [24, theorem 12.2]. Taking into account that surfaces with positive funda-
mental tone are hyperbolic surfaces, see [16], one concludes that surfaces with finite total
curvature has zero fundamental tone as well as the surfaces with tamed second fundamental
form with quadratic extrinsic area growth.
Observe that tamed second fundamental form implies certain quadratic decay of the
Gaussian curvature. Actually, for the fundamental tone of submanifolds with tamed second
fundamental form in an ambient space with a pole, we can state something more general
using quadratic decay of the curvature again but in a completely different approach.
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Let N be a Riemannian manifold with a pole p and radial sectional curvature bounded
below
KradN (x) ≥ B(ρN (x))
along the rays issuing from p, where B ∈ C∞([0,∞)). The behavior of this comparison
function imposes restrictions on the fundamental tone of tamed immersions as we can show
in the following theorem.
Theorem 1.5. Let ϕ : M →֒ N be an isometric immersion of a m-dimensional complete
Riemannian manifold into an n-dimensional ambient manifold N which possesses a pole
and radial sectional curvatures bounded from below and above by
(1.10) B(ρN (x)) ≤ KradN (x) ≤ 0.
With B ∈ C∞[0,∞) such that for any t > 0,
(1.11) B(t) ≥ −2
t2
.
Suppose moreover that the norm of the second fundamental form of the immersion is tamed.
Namely, inequality (1.3) holds. Then, M has zero fundamental tone λ∗(M) = 0.
Observe that the identity map id : N → N induces an isometric immersion from N to
N with vanishing second fundamental form, so with tamed second fundamental form. We
can therefore state a purely intrinsic counterpart of theorem 1.5
Corollary 1.6. Let N be an n-dimensional Riemannian manifold N which possesses a
pole and radial sectional curvatures bounded from below and above by
(1.12) B(ρN (x)) ≤ KradN (x) ≤ 0.
With B ∈ C∞[0,∞) such that for any t > 0,
(1.13) B(t) ≥ −2
t2
.
Then, N has zero fundamental tone, λ∗(N) = 0.
Much efford has been made in the understanding of Gap phenomenon for Riemannian
manifolds. The classical results in this field (see for instance [31, 15, 30, 14] and references
therein) state that assuming certain kind of faster than quadratic decay of the curvature one
obtains flatness and isometry to the Euclidean space. For example, by using theorem 1 of
[30], any manifold Nn with a pole, dimension n > 2, sectional curvatures KN bounded
from below and above by B(ρN (x)) ≤ KN(x) ≤ 0, and with bounding function B ∈
C∞[0,∞) satisfying
(1.14) lim sup
t→∞
t2B(t) = 0,
is isometric to Rn. Observe, moreover that in the most part of this paper is assumed only
quadratic decay, or even slower than quadratic decay of the sectional curvature.
2. PRELIMINARIES
Throughout this paper we shall study geometric and analytic properties of submanifolds
immersed in an ambient Riemannian manifold with a pole. Recall that a Riemannian
manifold N is a Riemannian manifold with a pole if there exists a point p ∈ N with empty
cut locus, cut(p) = ∅. In such a case the exponential map expp : TpN → N induces a
diffeomorphism between TpN and N , and the distance function
ρN : N → R, x→ ρN (x) = distN (p, x),
is a smooth function in N \ {p}. We will suppose moreover that the radial sectional
curvatures of N , along the geodesics issuing from p, are bounded from above
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(2.1) KN (x) ≤ −G(ρN (x))
where G : R→ R is a smooth even function. Let h be the solution of the following Cauchy
problem {
h′′ −Gh = 0
h(0) = 0, h′(0) = 1
(2.2)
and let I = [0, r0) ⊆ [0,∞) be the maximal interval where h is positive. If G satisfies
(2.3) t
∫ ∞
t
G−(s)ds ≤ 1
4
,
since it was shown that in this condition that h′ ≥ 0, see [6, Prop. 1.21], then I = [0,+∞).
The Hessian Comparison Theorem states that
(2.4) Hess ρN (y) ≥ h
′
h
(ρN (y)){〈, 〉 − dρN ⊗ dρN}
in the sense of quadratic forms. If
KN (x) ≥ −G(ρN (x))
then
(2.5) Hess ρN (y) ≤ h
′
h
(ρN (y)){〈, 〉 − dρN ⊗ dρN}
See [28] and references therein.
Associated to N , there are m-dimensional model manifolds Mmh = [0,∞) × Sm−1
with the metric ds2h = dr2 + h2 (r) dθ2, for every m ≥ 2, where h is the solution of (5.6).
Observe that these models have, radial sectional curvatures −G (r). Let ϕ : M →֒ N be
an isometric immersion of a complete Riemannian m-manifold M into N . Let x0 ∈ M
and let ρM (x) = distM (x0, x) be the distance function on M to x0. Let {Ki}∞i=0 be
an exhaustion sequence of M by nesting compacts sets Ki ⊂ Ki+1 with x0 ∈ K0. Let
{ai(M)} ⊂ [0,∞] be a non-increasing sequence of numbers defined by
ai(M) = sup
{
h
h′
(ρM (x)) · ‖α(x)‖, x ∈M\Ki
}
,
where ‖α(x)‖ is the norm of the second fundamental form at ϕ(x). It is straightforward to
show that the number a(M) = lim ai is independent on the sequence {Ki} and on x0.
Definition 2.1. The immersion ϕ has tamed second fundamental form if a(M) < 1.
Consider a smooth function g : N → R and the restriction f = g ◦ ϕ. Identifying X
with dϕ(X) we have at q ∈M and for every X ∈ TqM that
(2.6) 〈∇f,X〉 = df(X) = dg(X) = 〈∇g,X〉.
Hence we write
(2.7) ∇g = ∇f +∇⊥g,
where ∇⊥g is perpendicular to TqM . In particular, for the extrinsic distance function
R = ρN ◦ ϕ
(2.8) ∇ρN = ∇R+∇⊥ρN .
The following result, due to Gimeno-Palmer [13], extends Bessa-Montenegro-Jorge [5]
and Bessa-Costa [4]. We shall present our proof of theorem 2.2 for the sake of complete-
ness and to clarify the notation used in the paper.
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Theorem 2.2 (Gimeno-Palmer). Let N be a Riemannian manifold with a pole and radial
sectional curvature KradN (x) ≤ −G(ρN (x)), G satisfying (2.3). If ϕ : M →֒ N be an
isometric immersion of a complete Riemannian manifold with tamed second fundamental
form then
i. ϕ is proper.
ii. M has finite topology.
Proof. Since a(M) < 1 there exists c ∈ (0, 1) such that a(M) < c < 1. Thus, there
exists an i ∈ N such that a(M) < ai(M) < c. This means that there exists a geodesic ball
BM (r0) ⊂M , with Ki ⊂ BM (r0), centered at x0 with radius r0 > 0 such that
(2.9) h
h′
(ρM (x)) · ‖α(x)‖ < c < 1, for all x ∈M\BM (r0).
To fix the notation, let x0 ∈ M , p = ϕ(x0) and recall that ρM (x) = distM (x0, x) and
ρN (y) = distN (p, y). Letting φ(t) =
t∫
0
h(s)ds define f : M → R by f = φ ◦ ρN ◦ ϕ. It
is straightforward to compute that for X ∈ TxM , (identifying dϕX = X)
HessMf(x)(X,X) = HessNφ ◦ ρN (ϕ(x))(X,X) + 〈∇φ ◦ ρN , α(X,X)
= h′(ρN )〈∇ρN , X〉2 + h(ρN )HessρN(dϕX, dϕX)(2.10)
+h(ρN )〈∇ρN , α(X,X)〉.
By the Hessian Comparison theorem, we have that,
(2.11) HessρN (y)(X,X) ≥ h
′
h
{‖X‖2 − 〈∇ ρN , X〉2}
Therefore for every x ∈M\BM (r0) we have,
Hessf(x)(X,X) ≥ h′(ρN )〈∇ ρN , X〉2 + h(ρN )[h
′
h
(ρN )‖X‖2 − 〈∇ ρN , X〉2]
−h(ρN)‖α‖ · ‖X‖2
= h′(ρN ) · ‖X‖2 − h(ρN ) · ‖α‖ · ‖X‖2(2.12)
≥ h′(ρN ) · (1 − c) · ‖X‖2.
Let σ : [0, ρM (x)]→M be a minimal geodesic joining x0 to x. For all t > r0 we have
that (f ◦ σ)′′(t) = Hessf(σ(t))(σ′, σ′) ≥ h′(t)(1 − c), where h′(t) = h′(ρN (ϕ(σ(t)))).
For t ≤ r0 we have that (f ◦ σ)′′(t) ≥ b = inf {Hessf(x)(ν, ν), x ∈ BM (r0), |ν| = 1}.
Hence
(2.13)
(f ◦ σ)′(s) = (f ◦ σ)′(0) + ∫ s0 (f ◦ σ)′′(τ)dτ
≥ (f ◦ σ)′(0) + ∫ r0
0
b dτ +
∫ s
r0
h′(τ)(1 − c)dτ
≥ (f ◦ σ)′(0) + b r0 + (1− c)(h(s)− h(r0)).
Now, since ϕ(x0) = p, ρN (ϕ(x0)) = 0 then (f ◦ σ)′(0) = 0, and f(x0) = 0, therefore
(2.14)
f(x) =
∫ ρM (x)
0 (f ◦ σ)′(s)ds
≥ ∫ ρM (x)
0
{b r0 + (1− c)(h(s)− h(r0))} ds
≥ b r0 ρM (x)− (1 − c)h(r0)ρM (x) + (1− c)
∫ ρM (x)
0 h(s)ds
≥ (br0 − (1 − c)h(r0))ρM (x) + (1 − c)
∫ ρM (x)
0
h(s)ds
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Thus
(2.15) φ(ρN (ϕ(x))) ≥ (br0 − (1− c)h(r0))ρM (x) + (1− c)
∫ ρM (x)
0
h(s)ds
for all x ∈ M . Then we have that ρN (ϕ) → ∞ when ρM (x) → ∞, and ϕ is there-
fore proper. Now let BN (r0) be the geodesic ball of N centered at p with radius r0 and
SN (r0) = ∂BN(r0). Since ϕ is proper and a(M) < 1 we can take r0 so that
(2.16) h
h′
(ρM (x))‖α(x)‖ ≤ c < 1, for all x ∈M\ϕ−1(BN (r0))
and by Sard’s Theorem, see [12, p.79], r0 can be chosen so that Γr0 = ϕ(M)∩SN (r0) 6= ∅
is a submanifold of dimΓr0 = m−1. For each y ∈ Γr0 , let us denote by TyΓr0 ⊂ Tyϕ(M)
the tangent spaces of Γr0 and ϕ(M) at y, respectively. Since dimTyΓr0 = m − 1 and
dimTyϕ(M) = m, there exists only one unit vector ν(y) ∈ Tyϕ(M) such that
Tyϕ(M) = TyΓr0 ⊕ [[ν(y)]],
with 〈ν(y),∇ρN (y)〉 > 0. This defines a smooth vector field ν on a neighborhood V of
ϕ−1(Γr0). Here [[ν(y)]] is the vector space generated by ν(y). Consider the function on
ϕ(V ) defined by
(2.17) ψ(y) = 〈ν,∇ ρN〉(y) = 〈ν,∇R〉(y) = ν(y)(R), y = ϕ(x).
Then ψ(y) = 0 if and only if every x = ϕ−1(y) ∈ V is a critical point of the extrinsic
distance function R = ρN ◦ ϕ. Now for each y ∈ Γr0 fixed, let us consider the solution
ξ(t, y) of the following Cauchy problem on ϕ(M):
(2.18)

ξt(t, y) =
1
ψ
ν(ξ(t, y))
ξ(0, y) = y
We will prove that along the integral curve t 7→ ξ(t, y) there are no critical points for
R. For this, consider the function (ψ ◦ ξ)(t, y) and observe that
(2.19)
ψt = ξt〈∇ρN , ν〉
= 〈∇ξt∇ρN , ν〉+ 〈∇ρN ,∇ξtν〉
=
1
ψ
〈∇ν∇ρN , ν〉+ 1
ψ
〈∇ρN ,∇νν + α(ν, ν)〉
=
1
ψ
HessρN (ν, ν) +
1
ψ
[〈∇ρN ,∇νν〉+ 〈∇ρN , α(ν, ν)〉]
=
1
ψ
[HessρN (ν, ν) + 〈∇ ρN ,∇νν〉+ 〈∇ρN , α(ν, ν)〉] .
Thus
(2.20) ψtψ = HessρN (ν, ν) + 〈∇ ρN ,∇νν〉+ 〈∇ ρN , α(ν, ν)〉
Since 〈ν, ν〉 = 1, we have at once that 〈∇νν, ν〉 = 0. As ∇νν ∈ TxM , we have that
〈∇ρN ,∇νν〉 = 〈∇R,∇νν〉.
By equation (2.17), we can write ∇R(x) = ψ(ϕ(x)) · ν(ϕ(x)). Since
∇R(x) ⊥ Tϕ(x)ΓρN (y),
(ΓρN (y) = ϕ(M) ∩ SN (ρN (y))). Then
〈∇ρN ,∇νν〉 = 〈∇R,∇νν〉 = ψ〈ν,∇νν〉 = 0.
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Writing
(2.21) ν(y) = cosβ(y) ∇ ρN + sinβ(y) ω
and
(2.22) ∇ ρN (y) = cosβ ν(y) + sinβ ν∗
where 〈ω,∇ ρN 〉 = 0 and 〈ν, ν∗〉 = 0, the equation (2.20) becomes
(2.23) ψtψ = sin2 β HessρN (ω, ω) + sinβ 〈ν∗, α(ν, ν)〉.
From (2.21) we have that ψ(y) = cosβ(y)
(2.24) ψtψ =
√
1− ψ2
√
1− ψ2HessρN (ω, ω) +
√
1− ψ2〈ν∗, α(ν, ν)〉.
Hence
(2.25) ψtψ√
1− ψ2 =
√
1− ψ2HessρN(ω, ω) + 〈ν∗, α(ν, ν)〉.
Thus we arrive at the following differential equation
(2.26) −(
√
1− ψ2)t =
√
1− ψ2 HessρN (ω, ω) + 〈ν∗, α(ν, ν)〉
The Hessian Comparison Theorem implies that
(2.27) HessρN (ω, ω) ≥ h
′
h
(ρN (ξ(t, y))).
Substituting it in the equation (2.26) obtain the following inequality
(2.28) −(
√
1− ψ2)t ≥
√
1− ψ2 h
′
h
(ρN (ξ(t, y))) + 〈ν∗, α(ν, ν)〉.
Denoting by R(t, y) the restriction of R = ρN ◦ ϕ to ϕ−1(ξ(t, y)) we have
R(t, y) = R(ϕ−1(ξ(t, y))) = ρN (ξ(t, y))
On the other hand we have that
(2.29) Rt = 〈∇R, 1
ψ
ν〉 = 〈ψν, 1
ψ
ν〉 = 1
then
(2.30) R(t, y) = t+ r0.
Writing h
′
h
(ρN (ξ(t, y))) =
h′
h
(t+ r0) in (2.28) we have
(2.31) −(
√
1− ψ2)t ≥
√
1− ψ2 h
′
h
(t+ r0) + 〈ν∗, α(ν, ν)〉
Multiplying (2.31) by h(t+ r0), obtain
−
[
h(t+ r0)(
√
1− ψ2)t + h′(t+ r0)
√
1− ψ2
]
≥ h(t+ r0)〈ν∗, α(ν, ν)〉
The last inequality can be written as
(2.32)
[
h(t+ r0)
√
1− ψ2
]
t
≤ −h(t+ r0)〈ν∗, α(ν, ν)〉
Integrating (2.32) from 0 to t the resulting inequality is the following
Sκ(t+ r0) sinβ(ξ(t, y)) ≤ Sκ(r0) sinβ(y) +
∫ t
0
−Sk(s+ r0)〈ν∗, α(ν, ν)〉ds
Thus
(2.33)
sinβ(ξ(t, y)) ≤ h(r0)
h(t+ r0)
sinβ(y) +
1
h(t+ r0)
∫ t
0
h(s+ r0)(−〈ν∗, α(ν, ν)〉)ds
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Since a(M) < 1, then
−〈ν∗, α(ν, ν)〉(ξ(s, y)) ≤ ‖α(ξ(s, y))‖ ≤ ch
′
h
(ρM (ξ(s, y))) ≤ ch
′
h
(ρN (ξ(s, y)))
But
h′
h
(ρN (ξ(s, y))) =
h′
h
(s+ r0) for every s ≥ 0. Substituting in (2.33), we have
(2.34)
sinβ(ξ(t, y)) ≤ h(r0)
h(t+ r0)
sinβ(y) +
c
h(t+ r0)
∫ t
0
h′(s+ r0)ds
=
h(r0)
h(t+ r0)
sinβ(y) +
c
h(t+ r0)
(h(t+ r0)− h(r0))
=
h(r0)
h(t+ r0)
(sinβ(y)− c) + c
We will show that h(r0)
h(t+ r0)
(sinβ(y)−c)+c < 1. LetΥ(t) = h(r0)
h(t+ r0)
(sinβ(y)−c)+c.
We have that Υ(0) = sinβ < 1 and Υ′(t) = −h
′(t+ r0)h(r0)
h2(t+ r0)
(sinβ − c). If sinβ ≥ c
then Υ′(t) ≤ 0 and Υ(t) ≤ Υ(0). If sinβ < c, suppose by contradiction that there exists a
T > 0 such thatΥ(T ) > 1. This implies that 0 > h(r0)(sinβ−c) > (1−c)h(T+r0) > 0.
Then
sinβ(ξ(t, y)) ≤ h(r0)
h(t+ r0)
(sinβ(y)− c) + c < 1
for all t ≥ 0. Therefore, along the integral curve t 7→ ξ(t, y), there are no critical point
for the function R(x) = ρN (ϕ(x)) outside the geodesic ball BN (r0). The flow ξt maps
SN (r0) diffeomorphically into to SN(r0+ t), for all t ≥ 0. The manifold M has therefore
finite topology, see also [7]. This concludes the proof of the theorem 2.2. 
Actually, the above theorem is a consequence of the convexity of the extrinsic distance
function on M \Dr0 , Dr0 = ϕ−1(BN (r0)), see approach given in [13]. In particular,
Theorem 2.3. [4, 5, 13] Let ϕ : M →֒ N be an immersion of a complete Riemannian m-
manifold M into an n-dimensional ambient manifold N with a pole and radial sectional
curvaturesKN bounded from above by
KN ≤ κ ≤ 0.
Suppose that ϕ has tamed second fundamental form, then:
(1) ϕ is proper.
(2) M has finite topology.
(3) There exists r0 ∈M such that the extrinsic distance function has no critical points
in M \Dr0 .
(4) In particular, M \Dr0 is a disjoint union ∪kVk of finite number of ends. M has
so many ends E(M) as components ∂Dr0 has , and each end Vk is diffeomorphic
to ∂Dkr0 × [0,∞), where ∂Dkr0 denotes the component of ∂Dr0 which belongs to
Vk .
We will need the following technical lemma due to Kasue, [21].
Lemma 2.4. [21, see proof of lemma 4]Let ϕ : M →֒ N be an immersion of a complete
Riemannian m-manifold M into an n-dimensional ambient manifold N with a pole and
radial sectional curvaturesKN bounded from above by
KN ≤ κ ≤ 0.
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Suppose that there exists a function k : R → R such that ‖α‖(x) ≤ k(R(x)), R(x) =
ρN ◦ ϕ(x), then for any x ∈M \Dr with r > r0,
(2.35) |∇⊥ρMn(κ)| ≤ δ(R(x)) + 1
Sκ(R(x))
∫ R(x)
r
Sκ(s)k(s)ds.
The function δ(t) being a decreasing function such that δ → 0 when t→∞ and Sκ being
the solution of the following Cauchy problem
(2.36)
{
S′′κ(t) + κSκ(t) = 0,
Sκ(0) = 0, S
′
κ(0) = 1.
2.1. Tamed surfaces and their topology. This paper is concerned with tamed surfaces,
hence, by Theorem 2.3, with surfaces of finite topological type. Recall that a surface M
is of finite topological type if M is homeomorphic to the interior of a compact surface
M˜ with non-empty boundary. A surface of finite topological type has finitely many ends.
Recall also that given a compact subset D ⊂ M of M , an end E of M with respect to D
is a connected unbounded component of M \D
Observe that if D1 ⊂ D2 are compact subsets of M , then the number of ends with
respect toD1 is at most the number of ends with respect toD2 . This monotonicity property
allows us to define the number of ends of a surface.
Definition 2.5. A surface M is said to have finitely many ends if there exists 0 < k <∞,
such that, for any compact D ⊂ M , the number of ends with respect to D is at most k. In
this case, we denote E(M) to be the smallest such k, and we shall say that M has E(M)
ends.
Obviously, E(M) must be an integer and, if a surface has finitely many ends, one readily
concludes that there exists D0 ⊂ M such that, the number of ends with respect to D0 is
precisely E(M).
For surfaces of finite topological type one can state the following proposition
Proposition 2.6. Suppose that M is a surface of finite topological type, then:
(1) M has finitely many ends, say E(M) ends.
(2) M is homeomorphic to a compact surface M˜ with E(M) points removed, i.e.,
M ∼ M˜ \ {p1, · · · , pE(M)}
(3) There exists a compact domainΩ0 ⊂M , such thatM has E(M) ends with respect
Ω0, and, every of such ends is homeomorphic to R+ × S1 (every end with respect
to Ω0 is an annular end).
3. PROOF OF THEOREM 1.1
Theorem 1.1 will be proved in two steps. In the first step we will prove theorem 3.1
which is a version of theorem 1.1 but using the linear extrinsic perimeter growth property
instead of the quadratic extrinsic area growth property. In the second step we will prove
proposition 3.2 where the equivalence between quadratic extrinsic area growth and linear
extrinsic perimeter growth will be stated.
Theorem 3.1. Let M be an immersed complete oriented surface of Rn with curvature
function K and tamed second fundamental form. Suppose that M admits total curvature.
Then, M has finite total curvature (∫
M
KdA > −∞) if and only if M has linear perimeter
growth, i.e., there exists a constant C˜1 such that,
(3.1) L(M ∩ Sr(0)) ≤ C˜1r,
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for r large enough, where L(M ∩ Sr(0)) is the perimeter of the intersection of the r-
geodesic sphere in Rn centered at 0 ∈ Rn with the surface M . Furthermore, if (3.1) holds,
then there exists a constant C˜0 > 0 such that
(3.2) L(M ∩ Sr(0)) ≥ C˜0r,
for r large enough.
Proof. We are going to apply the Gauss-Bonnet theorem to the extrinsic annulus Ar0,t :=
Dt \ Dr0 for t > r0. Taking into account that since the extrinsic distance function R =
ρRn ◦ ϕ has no critical points on M \ Dr0 , then Ar0,t is a finite union of annuli, and we
obtain
(3.3)
∫
Ar0,t
KdA+
∫
∂Ar0,t
kgdL = 2πχ(Ar0,t) = 0.
where K , kg and χ(Ar0,t) denote the Gaussian curvature, the geodesic curvature and the
Euler characteristic respectively. Observe moreover that ∂Ar0,t is the union of two level
sets
∂Ar0,t = ∂Dt ∪ ∂Dr0 .
Hence,
(3.4)
∫
Ar0,t
KdA =
∫
∂Dr0
kgdL−
∫
∂Dt
kgdL
But for any s, the geodesic curvature ksg of the extrinsic spheres ∂Ds is given by
(3.5)
ksg =− 〈∇ee,
∇R
|∇R| 〉 =
1
|∇R| HessM R(e, e)
=
1
|∇R|
(
1
s
+ 〈∇⊥ρRn , α(e, e)〉
)
,
where e is tangent to ∂Ds. Then,
(3.6) 1
s
1
|∇R|
(
1− s|∇⊥ρRn | · ‖α‖
) ≤ ksg ≤ 1s 1|∇R| (1 + s|∇⊥ρRn | · ‖α‖) .
Since a(M) < 1, then for any c ∈ (a(M), 1) there exists tc such that
(3.7) R(x)‖α‖(x) < c,
for all R(x) = t > tc. Using lemma 2.4, we obtain
(3.8) |∇⊥ρRn | ≤ δ(t) + c(t− tc)
t
≤ δ(t) + c,
at any point x ∈ M with R(x) = t and t > tc > r0. In order to simplify the notation let
us denote by
(3.9) Λc(t) := δ(t) + c.
Therefore,
1
t
1
|∇R|
(
1− c|∇⊥ρRn |
) ≤ ktg ≤ 1t 1|∇R| (1 + c|∇⊥ρRn |)
that can be simplified to
1
t
1− c|∇⊥ρRn |
(1− |∇⊥ρRn |2)
1
2
≤ ktg ≤
1
t
1 + c|∇⊥ρRn |
(1− |∇⊥ρRn |2)
1
2
and can be rewritten as
(3.10) 1− cΛc(t)
t
≤ ktg ≤
1
t
1 + cΛc(t)
(1− Λ2c(t))
1
2
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Applying the above inequalities to the extrinsic annulus At1,t2 and using Gauss-Bonnet
formula, as in the inequality (3.4) we have,
(3.11) L(∂Dt1)
t1
(1− cΛc(t1))− L(∂Dt2)
t2
1 + cΛc(t2)
(1− Λ2c(t2))
1
2
≤ ∫
At1,t2
KdA
and
(3.12)
∫
At1,t2
KdA ≤ L(∂Dt1)
t1
1 + cΛc(t1)
(1− Λ2c(t1))
1
2
− L(∂Dt2)
t2
(1− cΛc(t2))
If we suppose that M has linear extrinsic perimeter growth, from inequality (3.11) and
the monotonicity of Λc
(3.13) −C1 1 + cΛc(t1)
(1− Λ2c(t1))
1
2
≤ ∫
At1,t2
KdA.
Letting t2 →∞, we get the desired
∫
M
KdA > −∞ because the integral of the curvature
is finite on each end of the surface.
On the other hand from inequalities (3.11), (3.12) and the monotonicity of Λc,
(3.14)
L(∂Dt2)
t2
≤ 1
1− cΛc(t1)
[
L(∂Dt1)
t1
1 + cΛc(t1)
(1− Λ2c(t1))
1
2
−
∫
At1,t2
KdA
]
,
L(∂Dt2)
t2
≥ (1− Λ
2
c(t1))
1
2
1 + cΛc(t1)
[
L(∂Dt1)
t1
(1− cΛc(t1))−
∫
At1,t2
KdA
]
.
If we assume that M admits finite total curvature, for any ǫ > 0 there therefore exists
t1 large enough such that
(3.15)
∣∣∣∣∣
∫
At1,t2
KdA
∣∣∣∣∣ < ǫ.
Then
(3.16)
L(∂Dt2)
t2
≤ 1
1− cΛc(t1)
[
L(∂Dt1)
t1
1 + cΛc(t1)
(1− Λ2c(t1))
1
2
+ ǫ
]
:= C˜1,
L(∂Dt2)
t2
≥ (1− Λ
2
c(t1))
1
2
1 + cΛc(t1)
[
L(∂Dt1)
t1
(1 − cΛc(t1))− ǫ
]
:= C˜0.
And this finishes the proof of the theorem because for t large enough
(3.17)
∣∣∣∣∫
M
KdA
∣∣∣∣ <∞ ⇐⇒ ∃C1 : L(∂Dt) ≤ C1t,∣∣∣∣∫
M
KdA
∣∣∣∣ <∞ =⇒ ∃C0 : L(∂Dt) ≥ C0t.

Proposition 3.2. Let M be an immersed complete oriented surface of Rn with tamed
second fundamental form, then M has quadratic extrinsic area growth, if and only if, M
has linear extrinsic perimeter growth. Namely,
L(M ∩ Sr(0)) ≤ C˜1r ⇐⇒ A(M ∩Br(0)) ≤ C1r2,
for r large enough. Furthermore,
L(M ∩ Sr(0)) ≥ C˜0r =⇒ A(M ∩Br(0)) ≥ C0r2,
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Proof. Denote by Dt(o) =M ∩Bt(o) the extrinsic ball centered at o ∈M . Let us observe
that by using coarea formula (see for instance [29]) for the extrinsic distance function
R = ρRn ◦ ϕ on any extrinsic ball Dt with t > t1 > ro,
(3.18) A(Dt) =A(Dt1) +
∫ t
t1
∫
∂Ds(o)
1
|∇R|dLds
Thus, for any c ∈ (a(M), 1) and t1 large enough, taking into account the monotonocity of
the function Λc,
(3.19)
A(Dt) =A(Dt1) +
∫ t
t1
∫
∂Ds(o)
1√
1− |∇⊥ρRn |2
dLds
≤A(Dt1) +
∫ t
t1
∫
∂Ds(o)
1√
1− Λ2c(s)
dLds
=A(Dt1) +
∫ t
t1
1√
1− Λ2c(s)
L(∂Ds(o))ds
≤A(Dt1) +
1√
1− Λ2c(t1)
∫ t
t1
L(∂Ds(o))ds.
Hence, if we suppose that M has linear extrinsic perimeter growth,
(3.20)
A(Dt) ≤A(Dt1) +
1√
1− Λ2c(t1)
C˜1
2
(t2 − t21)
=
[
A(Dt1)
t2
+
1√
1− Λ2c(t1)
C˜1
2
(
1−
(
t1
t
)2)]
t2
≤
[
A(Dt1)
t1
2 +
1√
1− Λ2c(t1)
C˜1
2
]
t2
Denoting C1 :=
A(Dt1 )
t12
+ 1√
1−Λ2c(t1)
C˜1
2 we conclude that M has quadratic extrinsic area
growth.
In order to prove the reverse implication let us consider now the Laplacian of the extrin-
sic distance function R = ρRn ◦ ϕ,
(3.21) △MR2 =4R
(
1
R
+ 〈∇ρRn , H〉
)
≤ 4 (1 +R|H |) ≤ 4 (1 +R‖α‖)
Applying the divergence theorem in an extrinsic ball Dt with t large enough and c ∈
(a(M), 1) we have
(3.22)
2t
∫
∂Dt
|∇R|dL =
∫
Dt
△MR2 dA =
∫
Dt1
△MR2 dA+
∫
At1,t
△MR2 dA
≤
∫
Dt1
△MR2 dA+ 4(1 + c)A(At1,t)
Then, denoting A1 :=
∫
Dt1
△MR2 dA, and assuming that M has quadratic extrinsic area
growth
(3.23)
2t
√
1− Λ2c(t)L(∂Dt) ≤A1 + 4(1 + c)A(At1,t)
≤A1 + 4(1 + c)A(Dt) ≤ A1 + 4(1 + c)C1t2
≤
[
A1
t21
+ 4(1 + c)C1
]
t2
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Letting C˜1 :=
A1
t2
1
+4(1+c)C1
2
√
1−Λ2c(t1)
, we therefore obtain
(3.24) L(∂Dt) ≤ C˜1t.
Observe finally that from inequality (3.18) for any δ ∈ (0, 1) and any t ≥ 11−δ t1, under the
hypothesis of a lower bound for the extrinsic perimeter growth
(3.25) A(Dt) ≥ A1 +
∫ t
t1
L(∂Ds)ds ≥ C˜0
2
(
t2 − t21
) ≥ C˜0
2
t (t− t1) ≥ δC˜0
2
t2.
Letting C0 be δC˜02 , the proposition follows. 
4. PROOF OF THEOREM 1.2 AND COROLLARIES 1.3 AND 1.4
Proof. Given a surface of finite topological type which admitting total curvature we can
make use of [30, theorem A], for any fixed point o ∈M
(4.1) lim
t→∞
A(t)
t2/2
= 2πχ(M)−
∫
M
KdA
where A(t) is the area of the geodesic ball of radius t centered at o ∈ M . Denote by
Dt(o) =M ∩Bt(o) the extrinsic ball centered at o ∈M . Therefore
(4.2) A(t) ≤ A(Dt(o)).
Hence,
(4.3)
2πχ(M)−
∫
M
KdA = lim
t→∞
A(t)
t2/2
≤ lim sup
t→∞
A(Dt(o))
t2/2
≤C1.
The upper bound for the inequality of the theorem therefore follows. On the other hand, us-
ing the Gauss-Bonnet theorem for an extrinsic ball of radius t large enough, and inequality
(3.10) we obtain
(4.4) 2πχ(M)−
∫
Dt
KdA =
∫
∂Dt
kgdL ≥ (1− cΛc(t)) L(∂Dt)
t
≥ (1− cΛc(t))C0.
Letting t tend to infinity and after letting c tend to a(M) the theorem follows.
In order to prove corollary 1.3, observe that if we assume that M is flat, by using the
above inequality
(4.5) χ(M) = 2− 2g(M)− E(M) > 0
where g(M) is the genus of M and E(M) is the number of ends of M . Since E(M) ≥ 1,
the only option is E(M) = 1 and g(M) = 0. The surface M is therefore homeomorphic
to a sphere with one point removed. Since the surface is simply connected, metrically
complete and with zero curvature, the surface is isometric to R2 with the canonical flat
metric (see [22, theorem 11.12] for instance).
Moreover, if M has strongly tamed second fundamental form, then M has tamed fun-
damental form as well. Hence by applying co-area formula and taking into account that
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‖α(x)‖ ≤ c
t1+ǫ
for any c ∈ (a(M), 1) and t = R(x) large enough,
(4.6)
∫
M
‖α‖2dA =
∫
Dt1
‖α‖2dA+
∫
At1,t
‖α‖2dA
≤
∫
Dt1
‖α‖2dA+
∫ t
t1
∫
∂Ds
‖α‖2
|∇R|dLds
≤
∫
Dt1
‖α‖2dA+
∫ t
t1
c2
s2+2ǫ
√
1− Λ2c(s)
L(∂Ds)ds
≤
∫
Dt1
‖α‖2dA+ c
2 C˜1√
1− Λ2c(t1)
∫ t
t1
1
s1+2ǫ
ds <∞.
By using now theorem 2 of [32], ∫
M
KdA is an integral multiple of 2π, and using the lower
bounds given in the inequality of theorem 1.2 we conclude that
∫
M
KdA = 0 because
χ(M) = 1. Since M is a complete and flat surface with tamed second fundamental form,
M is therefore isometric to R2 and this finishes the proof of corollary 1.4 
5. PROOF OF THEOREM 1.5
The first ingredient for the proof of Theorem 1.5 is Barta’s Theorem [3].
Theorem 5.1 (Barta). Let Ω be a bounded open set with piecewise smooth boundary in a
Riemannian manifold. Let f ∈ C2(Ω) ∩ C0(Ω¯) with f |Ω > 0 and f |∂Ω = 0. Then the
first Dirichlet eigenvalue λ1(Ω) has the following bounds:
(5.1) sup
Ω
(−∆f
f
) ≥ λ1(Ω) ≥ inf
Ω
(−∆f
f
)
With equality in (5.1) if and only in f is a positive first eigenfunction of Ω.
We now present the proof of Theorem 1.5.
Proof. Let ϕ : M →֒ N be an isometric immersion with tamed second fundamental form
of a complete m-manifold M into a n-manifold N with a pole p ∈ N and sectional radial
curvatures B ≤ KN ≤ 0. Let x0 ∈ M , p = ϕ(x0) ∈ N and let ρN (y) = distN (p, y)
be the distance function on N and ρN ◦ ϕ the extrinsic distance on M . By the proof of
Theorem (2.2) there is an r0 > 0 such that there is no critical points x ∈M \ϕ−1(BN (r0))
for ρN ◦ ϕ, where BN (r0) is the geodesic ball in N centered at p with radius r0. Let
r > r0 and let Dr = ϕ−1(BN (r)) be an extrinsic ball. Since ϕ is proper we have that
Dt is precompact with boundary ∂Dt that we may suppose to be smooth for any t > r0
by using the regular set theorem. Let v : B(r) → R be a positive first eigenfunction of
the geodesic ball B(r) of radius r in the l-dimensional Euclidean space Rl, where l is to
be determined. The function v is radial, i.e. v(x) = v(|x|), and satisfies the following
differential equation,
(5.2) v′′(t) + (l − 1) v
′(t)
t
+ λ1(r)v(t) = 0, ∀ t ∈ [0, r].
With initial data v(0) = 1, v′(0) = 0. Moreover, v′(t) < 0 for all t ∈ (0, r]. Where
λ1(r) is the first Dirichlet eigenvalue of the geodesic ball B(r) ⊂ Rl with radius r. Define
v˜ : BN (r) → R by v˜(y) = v ◦ ρN (y) and f : Dr → R by f(x) = v˜ ◦ ϕ(x). By Barta’s
Theorem we have λ1(Dr) ≤ supDr (−△f/f). The Laplacian △f at a point x ∈ M is
given by
△Mf(x) = [
m∑
i=1
Hess v˜(ei, ei) + 〈∇ v˜, ~H〉](ϕ(x))
=
m∑
i=1
[
v′′(ρN )〈∇ ρN , ei〉2 + v′(ρN )Hess ρN (ei, ei)
]
+ v′(ρ)〈∇ ρN , ~H〉
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Where Hess v˜ is the Hessian of v˜ in the metric of N and {ei}mi=1 is an orthonormal basis
for TxM where we made the identification dϕ(ei) = ei. We are going to give an upper
bound for (−△f/f) on ϕ−1(BN (r)). Let x ∈ ϕ−1(BN (r)) and choose an orthonor-
mal basis {e1, ..., em} for TxM such that {e2, . . . , em} are tangent to the distance sphere
∂BN (R(x)) of radius R(x) = ρN (ϕ(x)) and e1 = ∇R|∇R| . To simplify the notation set
t = ρN(ϕ(x)), △M = △. Then
△f(x) =
m∑
i=1
[
v′′(t)〈∇ ρN , ei〉2 + v′(t)Hess ρN (ei, ei)
]
+ v′(t)〈∇ ρN , ~H〉
= v′′(t)〈∇ ρN , ∇R|∇R| 〉
2 + v′(t)Hess ρN (
∇R
|∇R| ,
∇R
|∇R| )(5.3)
+
m∑
i=2
v′(t)Hess ρN (ei, ei) + v′(t)〈∇ ρN , ~H〉
Thus from (5.3)
− △f
f
(x) = −v
′′
v
(t)〈∇ ρN , ∇R|∇R| 〉
2 − v
′
v
(t)Hess ρN (
∇R
|∇R| ,
∇R
|∇R| )(5.4)
−
m∑
i=2
v′
v
(t)Hess ρN (ei, ei)− v
v
′
(t)〈∇ ρN , ~H〉
The equation (5.2) says that
−v
′′
v
(t) = (l − 1) v
′
t v
+ λ1(r)
By the Hessian Comparison Theorem and the fact v′/v ≤ 0 we have from equation (5.4)
the following inequality
− △f
f
(x) ≤ λ1(r)
(
1− |∇⊥R|2)
− v
′
tv
[
t h′
h
(m− |∇⊥R|2)− (l − 1)|∇R|2 + t| ~H|
]
≤ λ1(r)(5.5)
− v
′
tv
[
t h′
h
m− (l − 1)|∇R|2 + t| ~H |
]
where h is the solution of the following problem{
h′′ +Bh = 0
h(0) = 0, h′(0) = 1
(5.6)
Now, to bound th
′
h
we will make use of the following lemma
Lemma 5.2. Let h ∈ C∞[0,∞) be a positive function with h(0) = 0 and h′(0) = 1.
Suppose
h′′
h
(t) ≤ 2
t2
, ∀t > 0.
Then
t
h′
h
(t) ≤ 2.
Proof. Observe that the function h′(t)t2 − 2h(t)t is a decreasing function on t because
(5.7) d
dt
(
h′(t)t2 − 2h(t)t) = h′′(t)t2 − 2h(t) = h(t)t2(h′′(t)
h(t)
− 2
t2
)
≤ 0.
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Hence for any t > 0
(5.8) h′(t)t2 − 2h(t)t ≤ h′(t0)t20 − 2h(t0)t0 ≤ h′(t0)t20,
for any t0 < t. Then,
(5.9) h
′(t)t
h(t)
≤ h
′(t0)t
2
0
h(t)t
+ 2,
Now letting t0 tend to 0 we obtain the desired upper bound. 
By using the above lemma in inequality (5.5),
− △f
f
(x) ≤ λ1(r)− v
′
tv
[
2m− (l − 1)|∇R|2 + t| ~H |
]
(5.10)
Since the immersion is tamed we have that there exists tc such that for any c ∈ (a(M), 1)
(5.11) R(x)‖α‖(x) ≤ c, ∀x ∈M \Dtc .
We are going to split the prove in two cases
Case I. The point x ∈ Dr belongs to M \Dtc
Since we are assuming that x ∈M \Dtc , then by using inequality (5.10)
(5.12) −△f
f
(x) ≤λ1(r) − v
′
tv
[
2m− (l − 1)(1− Λc(tc)2) + c
]
.
Because t| ~H | ≤ t|α| ≤ c and we have used the monotonocity of the Λc function given
in definition (3.9), see also inequality (3.8). Since the above inequality is true for any
N ∋ l ≥ 1, we can choose l large enough in such a way that
2m− (l − 1)(1− Λc(tc)2) + c ≤ 0.
Hence,
(5.13) − △f
f
(x) ≤ λ1(r),
for any x ∈M \Dtc .
Case II. The point x ∈ Dt belongs to Dtc .
Since Dtc is compact, let us set
(5.14) H0 := max
x∈Dtc
R(x)| ~H |.
By using inequality (5.10),
− △f
f
(x) ≤ λ1(r) − v
′
tv
[2m+H0](5.15)
We need the following technical lemma.
Lemma 5.3. Let v be the function satisfying (5.2). Then,
−v′(t)/t ≤ λ1(r)
for all t ∈ [0, r].
Proof. Consider the function γ : [0, r] → R given by γ(t) = λ1(r) · t + v′(t). We know
that v(0) = 1, v′(0) = 0 and v′(t) ≤ 0 besides v satisfies equation (5.2). Observe that
0 = v′′(t) + (l − 1)v′ + λ1(r)v ≤ v′′ + λ1(r).
Thus v′′ ≥ −λ1(r) and γ′(t) = λ1(r) + v′′ ≥ 0. Since γ(0) = 0 we have γ(t) =
λ1(r)t+ v
′(t) ≥ 0. This proves the lemma. 
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Since v is a non-increasing positive function we have v(t) ≥ v(tc). Applying the
inequality (5.15) we obtain
− △f
f
(x) ≤ λ1(r)
[
1 +
1
v(tc)
(2m+H0)
]
.(5.16)
Thus, finally from case I and Case II, we know that for all x ∈ ϕ−1(BN (r))
− (△f/f)(x) ≤ max
{
1, 1 +
1
v(tc)
(2m+H0)
}
· λ1(r)
=
[
1 +
1
v(tc)
(2m+H0)
]
· λ1(r)
Then by Barta’s Theorem
λ1(Dr) ≤
[
1 +
1
v(tc)
(2m+H0)
]
· λ1(r)
Observe that
[
1 + 1
v(tc)
(2m+H0)
]
does not depend on r. So letting r →∞ we have
λ∗(M) ≤
[
1 +
1
v(tc)
(2m+H0)
]
· λ∗(Rl) = 0.
And this finishes the proof of the theorem. 
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